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Abstract 

Experimental heat transfer data are presented for a series 

Of asymptotic accelerated turbulent boundary layers for the 

case of an impermeable wall, for several cases of blowing, and 

suction. The data are presented as Stanton number versus 

enthalpy thickness Reynolds number. 

As noted by previous investigators, acceleration causes a 

depression in Stanton number when the wall is impermeable. 

Suction increases this effect, while blowing suppresses it. 

The combination of mild acceleration and strong blowing results 

in Stanton numbers which lie above the correlation for the same 

blowing but no acceleration. 

Velocity and temperature profiles are presented, from which 

it is possible to deduce explanations for the observed behavior 

of the Stanton number. A prediction scheme is proposed which 

is demonstrated to quite adequately reproduce the Stanton number 

results, using correlations derived from the profiles. 
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Nomenclature 

English Lett e r Symb 01s 

A+ 

cf 

C 
P 

DV 

F 

H 

h 

K 

k 

4 

4 
t 

tW 

tW 

U 

uW 

V W 

X 

Y 

- constant in the Van Driest damping factor 

- friction coefficient ( = T~(pu52)) 

- specific heat 

- Van Driest mixing-length damping factor 

- blowing fraction ( = vw/uw) 

boundary layer shape factor ( = G1/G2) - 

- convective heat transfer coefficient 

- acceleration parameter ( = ( Y/u~) (duddx) ) 

- mixing-length constant 

- mixing-length 

- heat transfer rate 

- temperature 

- wall, or surface, temperature 

- free-stream temperature 

- velocity in x-direction 

- free-stream velocity 

- friction velocity ( = u/(uw-qQ)) 

- velocity in y-direction at the wall (transpiration 
velocity), positive vw for blowing, negakive for 
suction 

- distance along surface 

- distance normal to surface 



Gr e e k Let t e r S ymb ol s 

. -  
TW 

thermal conductivity 

turbulent thermal conductivity, or eddy 
conductivity 

99 percent thickness of momentum boundary layer 

displacement thickness 

- momentum thickness - 

- enthalpy thickness - 

a turbulence length scale 

viscosity coefficient 

turbulent viscosity, or eddy viscosity 

(P + I-lt) 

kinematic viscosity ( w / p )  

density 

shear stress 

shear stress at wall 

Non-dimensional Groups 
3/* 

P+ - a pressure gradient parameter ( = K/(Cf/2) ) 

Pr - Prandtl number (W / y )  P 

- turbulent Prandtl number (wtcp/yt) Prt 



ReM 

ReH 

RX 

St 

t+ 

+ 
U 

+ V W 

Y+ 

- momentum thickness Reynolds number ( = u,S2/v) 

enthalpy thickness Reynolds number ( = u,A,/v) - 

- an integrated x-distance Reynolds number 

X 

( = I > dx) 
0 

- Stanton number ( = h/(u,pcp)) 

- (t-tw) 1 - non-dimensional temperature - 

- non-dimensional velocity ( = u/uT) 

- non-dimensional blowing parameter ( = v / ( u m d G - )  ) 

- non-dimensional distance from wall [ = yU,/Y] 



Introduction 

In 1965, Moretti and Kays (1) presented the results of an 
experimental investigation of heat transfer to a highly accel- 

erated turbulent boundary layer. Of particular interest was the 

fact that for very strong accelerations Stanton number was 

observed to decrease abruptly and to approach what one would 

predict for a purely laminar boundary layer. These results have 

been frequently cited as evidence that a strong favorable pres- 

sure gradient tends to cause a retransition of a turbulent 

boundary layer to a laminar boundary layer. The phenomenon of 

retransition has been the subject of numerous recent studies, 

Launder (2), Launder and Stinchcombe ( 3 ) ,  and Pate1 and Head 

(4), among others. The term laminarization", suggested by 

Launder, has been frequently used instead of retransition. 

l l  

It seems now to be generally agreed that a turbulent boundary 
IT layer will laminarize", or undergo a retransition to a laminar 

boundary layer, in the presence of a sufficiently strong favorable 

pressure gradient. However, there is a very important region of 

technical applications in the range of moderately strong favorable 

pressure gradients where the boundary layer is definitely not 

laminar but where laminar-like behavior is observed and, in 

particular, Stanton number is observed to fall substantially below 

what would be predicted by earlier theories. The present paper 

is concerned with the heat transfer behavior in this region, 

including the effects of transpiration (blowing and suction). 

Both Moretti and Kays, and Launder, proposed that a signifi- 

cant acceleration parameter, K , can be defined as follows: 
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Various combinations of K and the friction coefficient 

have also been proposed. For example, in the analysis of a 

Couette flow, the effect of a pressure gradient occurs in the 

form of a non-dimensional Pf , which is related to K as 

follows: 

The parameter K , however, has the virtue of being entirely 
dependent upon externally imposed conditions and is, therefore, 

a convenient descriptor of the boundary conditions imposed upon 

the flow. Launder suggested that laminarization will occur when 

K is greater than 2 x ; Moretti and Kays suggested 

3.5 x . The present paper is concerned with values of K 

in the range 0.0 to 2.5 x l o w 6  , and thus is concerned with a 
region of what is believed to be stable turbulent boundary layers, 

although admittedly at 

be debatable. 

K = 2.5 x l o m 6  this last statement may 

Further insight into the significance of the parameter K 

can be gained by examination of the momentum integral equation 

of the boundary layer, and the energy integral equation of the 

boundary layer. For constant property flow along a flat plate, 

it is possible to express the momentum integral equation of the 

boundary layer in the following form: 
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dReM 
- = -  cf - K(l + H)ReM + F 
dRx 2 

where dRx = u,pdx/lJ- 

For constant  f ree-s t ream temperature and constant surface 

temperature, the corresponding form of t he  energy i n t e g r a l  

equation of the  boundary l a y e r  i s :  

dReH 
- -  - S t + F  
dRX 

(4) 

Note tha t  K appears e x p l i c i t l y  only i n  the momentum 

equation, and of p a r t i c u l a r  i n t e r e s t  i s  the  f a c t  t h a t  a s u f f i c i e n t l y  

l a r g e  p o s i t i v e  value of K can cause a decrease i n  ReM . I n  

f a c t ,  it appears t h a t  i f  K i s  maintained as a pos i t i ve  constant  

over a s u f f i c i e n t  length  of sur face ,  and i f  F is  zero o r  a 

pos i t i ve  cons tan t ,  then  the  r a t e  of change of 

towards zero.  T h i s  y i e l d s  a boundary l aye r  of constant  momentum 

thickness  Reynolds number, 

ReM w i l l  tend 

ReM , which w i l l  be termed an 

asymptotic" acce le ra t ing  boundary l aye r .  Exact so lu t ions  f o r  

asymptotic laminar boundary l aye r s  have been obtalned (5), and 

Launder and Stinchcombe have demonstrated that  such asymptotic 

I t  

boundary l aye r s  can be obtained f o r  t u rbu len t  f lows .  Under such 

condi t ions,  not only i s  ReM constant ,  but  a l so  C f / 2  and the  

shape f a c t o r  H . It a l s o  fol lows t h a t  under asymptotic condi t ions 
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the velocity profiles at various stations along the surface will 

possess both inner and outer region similarity. 

On the other hand, examination of equation (4) reveals that 
so long as F is zero or a positive constant, the energy thickness 

Reynolds number, 

conclusions apply f o r  small negative values of F . However, 

strong suction leads to an asymptotic suction layer, regardless 

of K , with no growth in either ReM o r  ReH ) .  One can con- 

clude that f o r  prolonged accelerations at any constant value of 

K and positive F , ReM will approach a constant value, whereas 

ReH will increase indefinitely, 

ReH , will always continue to grow. (The same 

This behavior suggests one reason why, even at moderate 

values of K , Stanton number will tend to decrease in an ac- 
celerated flow. ReH can only increase indefinitely i f  the thermal 

boundary layer grows outside of the momentum boundary layer into 

a region of zero eddy conductivity and higher heat transfer 

resistance. This phenomena is discussed by Launder and Lockwood 

(13). 
decreasing Stanton numbers in accelerated flows, but it is certainly 

a contributing factor. 

It will be seen later that this is not the only reason for 

An acceleration at constant K is particularly easy to 

establish experimentally with an incompressible fluid, since it 

can be shown from continuity that flow between two convergent flat 

surfaces yields a nearly constant K when the blowing fraction, 

F , is uniform. Asymptotic constant K bounda.ry layers are even 

more convenient f o r  experimental study because once the asymptotic 

condition has been closely approached, it is relatively easy to 
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accura te ly  deduce the  f r i c t i o n  c o e f f i c i e n t  using equation (3) e 

Furthermore, i t  is  a simple matter t o  obta in  a near ly  asymptotic 

boundary l a y e r  by arranging a s t a r t i n g  length  w i t h  constant  f r ee -  

stream v e l o c i t y  (before acce le ra t ion )  such that  ReM a t  the  

beginning of acce le ra t ion  is  c lose  to the an t i c ipa t ed  asymptotic 

value,  thereby avoiding a lengthy t r a n s i t i o n  region. For most of 

t he  experimental  r e s u l t s  presented by Morett i  and Kays, ReM was 

considerably g r e a t e r  than the  asymptotic value a t  the  beginning of 

acce le ra t ion  even though K was near ly  constant ,  and thus the  

reported heat t r a n s f e r  r e s u l t s  were pr imar i ly  i n  a region of 

rap id ly  decreasing ReM . Such acce lera ted  boundary l aye r s  w i l l  

be r e f e r r e d  t o  as overshot"; obviously boundary l aye r s  can a l s o  

be r'undershotll i f  the value of ReM before acce le ra t ion  i s  l e s s  

than the  asymptotic value.  

11 

The Stanford Heat and Mass Transfer Apparatus was designed 

f o r  accurate  measurement of l o c a l  hea t  transfer c o e f f i c i e n t s  along 

a f l a t  sur face  through which t r a n s p i r a t i o n  ( e i t h e r  blowing or 

suc t ion)  can take p lace  i n  any prescr ibed manner, and over which 

free-stream v e l o c i t y  can be var ied i n  any a r b i t r a r y  manner. 

Extensive experimental  r e s u l t s  obtained from th is  apparatus f o r  

the  case of constant  f ree-s t ream ve loc i ty  and the  e n t i r e  spectrum 

of blowing and suc t ion  have been presented i n  Moffat and Kays (6), 

and Simpson, Moffat, and Kays (7 ) .  The apparatus i s  a l s o  i d e a l l y  

su i t ed  f o r  a s tudy of t h e  behavior of asymptotic acce lera ted  

turbulen t  boundary l aye r s  with blowing or suc t ion .  This paper i s  

a b r i e f  summary of a. few of t he  r e s u l t s  of such an inves t iga t ion .  

A s  such, it i s  a cont inuat ion of the  work of Morett i  and Kays, 

but  d i f f e r i n g  i n  two major respec ts :  



-6- 

(a) An a.ttempt is made to obtain close to asymptotic boundary 

layers, and thus to carry out a more controlled experi- 

ment; 

(b) The additional effects of blowing and suction on accelera- 

tion are studied, with emphasis on certain unexpected 

results of the coupling of bloTljing and acceleration. 

More complete and extensive data resulting from this investi- 

gation will be presented in a later paper. 

Objectives of This Paper 

The specific objectives of this paper are to: 

(a) Present the results of a systematic series of heat 

transfer experiments on asymptotic accelerated turbulent 

boundary layers for a series of values of the accelera- 

tion parameter K up to 2.5 x , and blowing 
fraction, F , from -0.002 to +0.006 . 

(b) Present representative velocity and temperature profiles, 

and on the basis of these profiles to attempt to explain 

the physical phenomena observed. 

(c) Present some results of an analytic prediction scheme, 

based on a finite difference solution of the boundary 

layer equations, to demonstrate a mathematical model 

of the phenomena observed. 
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The Stanford 

24-segment porous 

Apparatus and Data Reduction 

Heat and Mass Transfer Apparatus contains  a 

p l a t e  e igh t  f e e t  long and 18 inches wide, which 

forms the  bottom sur face  of a rec tangular  flow duct.  The m a i n  

stream flow and the  t r a n s p i r a t i o n  flow a r e  both a i r .  Each of 

t h e  24 segments i s  provided with sepa ra t e ly  con t ro l l ab le  t r a n s p i r a -  

t i o n  flow and e l e c t r i c  power. Fig.  1 shows a cross-sec t ion  of one 

segment. The b a l s a  wood i n s u l a t i o n  on the  walls of the  plenum, 

t h e  pre-p la te ,  and the  honeycomb flow s t r a i g h t e n e r s  serve t o  

ensure uniform a i r  temperature en ter ing  the  working p l a t e .  Five 

thermocouples a r e  imbedded i n  the p l a t e ,  i n  t h e  center  s i x  inch 

span. The working p l a t e  i s  0.25 inches th i ck ,  made of s i n t e r e d  

bronze with an average p a r t i c l e  diameter of 0.005 inches.  Heater 

wires a r e  imbedded i n  grooves i n  the  bottom of the  p l a t e ,  c lose  

enough toge ther  s o  tha t  the  top surface of t he  p l a t e  is  uniform 

in  temperature to with in  0.04'F a t  maximum power and blow,ing. 

Pressure drop through the  working p l a t e  i s  approxjmately 1 2  inches 

of water a t  maximum blowing, s o  t h a t  t he  maximum streamwise pres-  

sure  grad ien t  (approximately 0.5 inches of water per  segment 

width) has only a small e f f e c t  on the  d i s t r i b u t i o n  of t he  t r ansp i r a -  

t i o n  f l o w .  

Two d i f f e r e n t  top covers, shown i n  Fig.  2, were used f o r  t he  

t e s t  duct .  One with a s i n g l e  hinge l i n e  across  it, and one with 

two hinge l i n e s ,  permitted constant  K flows t o  be e s t ab l i shed  

by s e t t i n g  the  des i red  slope of t he  t o p  sur face .  S t a t i c  pressures  

were measured with s ide-wal l  t aps  spaced 2 inches apa r t  i n  the  
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flow direction. Static pressure traverses of the main stream 

and boundary layer showed no more than 0.002 inches variation 

across a plane in the accelerating region. 

Temperature and velocity traverses were made with manually 

operated micrometer driven traverse gear. Flat mouthed total 

pressure probes were used with tips 0.012 inches high and 0.040 

wide. Temperature traverses were made using iron-constantan 

thermocouples with junctions flattened to 0.009 inches. 

Stanton numbers reported here are based on the heat transfer 

from the plate to the boundary layer as deduced by an energy 

balance on each plate. 

4 = Net Power - ECONV-CQRAD-CQCOND 

ECONV measures the energy transport associated with the transpira- 

tion flow. Radiation from the top and bottom of the plate is 

calculated, based on measured emissivities of the plate. Heat 

i s  also lost by conduction from the center span of the plate to 

the ends of the plate and to the casting. All corrections were 

evaluated as functions of plate temperature and transpiration 

rate and appropriately entered into the data program. 

A somewhat more detailed description is presented by Moffat 

and Kays (6). 

Qualification of the Experimental System 

Validity of the data reduction program as a mathematical 

model of the apparatus was established by a series of energy 

balance tests conducted with no main stream flow. The energy 
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balances closed wi th in  2% f o r  most blowing cases and 4% f o r  most 

suc t ion  cases .  The Stanton numbers reported here a re  bel ieved 

to be r e l i a b l e  to within 0.0001 u n i t s ,  f o r  t h e  blown cases ,  and 

0.0002 u n i t s  f o r  suc t ion .  

Free-stream turbulence i n t e n s i t i e s  were found to be between 

0.8 and 1.2% although v e l o c i t y  p r o f i l e s  taken i n  t h e  uniform 

ve loc i ty  s e c t i o n  s a t i s f y  Coles '  c r i t e r i o n  f o r  normal" boundary 

l aye r s  (8) .  

I f  

Two s i d e  e f f e c t s  must be inves t iga ted  before the  observed 

change i n  Stanton number behavior can be a t t r i b u t e d  s o l e l y  to 

t he  e f f e c t s  of acce lera t ion .  It must be shown t h a t  the  data 

a r e  not  influenced by sur face  roughness and that  data f o r  various 

uniform v e l o c i t i e s  w i l l  d i sp lay  a universa l  r e l a t ionsh ip  when 

p l o t t e d  aga ins t  enthalpy thickness  Reynolds number. 

Surface roughness and v e l o c i t y  e f f e c t s  were inves t iga ted  

by a s e r i e s  of tes ts  a t  40, 86 and 126 f p s .  Stanton number 

data shows the  same r e l a t i o n s h i p  to enthalpy thickness Reynolds 

number f o r  a l l  t h ree  v e l o c i t i e s ,  al though the  ve loc i ty  p r o f i l e s  

show a s l i g h t  drop i n  u+ f o r  t he  data a.t 126 f p s .  P la te  

roughness elements, considered as half the  p a r t i c l e  diameter, 

a r e  ca lcu la ted  to remain in s ide  t h e  viscous region of the  boundary 

l a y e r  as best as t h i s  can be determined. 

Two-dimensionality of a flow can only be es tab l i shed  by 

e labora te  probing of t he  boundary l aye r s .  T h i s  was not  done. 

Secondary evidence, however, can be had by comparing enthalpy 

thickness  derived from p l a t e  hea t  t r a n s f e r  measurements w i t h  

values determined from temperature and ve loc i ty  p r o f i l e s .  Such 
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checks show agreement within 8% for all blowing runs. This is 

within the uncertainty calculated for the enthalpy thickness 

integrals using the method of Kline and McClintock (9). 

Results 

Stanton number data are shown in Figs. 3 through 6, plotted 

against enthalpy thickness Reynolds m b e r ,  ReH . Each figure 

shows the effect of varying K while holding F constant. 

Surface temperatures were held constant, for all tests, at 

approximately loo°F, while f ree-stream stagnation temperature 

was 60-70°F. 

constant property conditions by the factor (Tw/T,) 

The Stanton numbers were corrected to approximately 
0.4 

Fig. 3 shows the data for F = 0.0 using solid symbols to 

represent data in the accelerating region and hollow symbols for 

the constant velocity approach. Note that acceleration immediately 

depresses the Stanton number below the constant velocity results, 

with the magnitude of the depression increasing as K increases. 

behaves almost as would be -6 The data for K = 2.5 x 10 

expected from a laminar boundary layer, based on the rate of 

change of Stanton number as enthalpy thickness increases. Shape 

factors, determined from the velocity profiles are approximately 

1.4 to 1.5 for this acceleration, suggesting that the boundary 

layer is still turbulent (the shape factor for the asymptotic 

laminar layer is 2.0). 

intensities inside the layer. 

No effort was made to measure turbulence 

It can be seen from Fig. 3 that the boundary layers were 
I I  slightly overshot", in that the momentum thickness Reynolds 
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numbers decrease i n  the  flow d i r ec t ion .  The boundary l a y e r s  a r e  

bel ieved t o  be c lose  to the  asymptotic condi t ion a t  the po in t s  

where ReM i s  marked i n  the  acce le ra t ing  region. 

Fig.  4 presents  Stanton m b e r  data f o r  the  same values of 

K as does Fig.  3, but  w i t h  blowing: F = +0.002 . A l l  of the  

data f o r  the  d i f f e r e n t  values of K l i e  much c l o s e r  t o  the  

base l ine  data, taken from Moffat and Kays (6 ) .  

t he  da t a  i s  reduced, and the  e n t i r e  p a t t e r n  i s  s h i f t e d  upward. 

now Pesul t s  i n  a s l ight  r i s e  Acceleration a t  K = 0.75 x 10 

i n  Stanton number above the  uniform ve loc i ty  case,  r a t h e r  than 

a drop, and even the  s t ronges t  acce le ra t ion  (K = 2.5 x 10 ) 

produces only a r e l a t i v e l y  minor depression. 

The spread i n  

-6 

-6 

The upward sh i f t  indicated by Fig.  4 i s  seen much more 

c l e a r l y  i n  the  r e s u l t s  a t  higher  blowing (Fig.  5: F = +0.0062), 

and the  opposite trend i s  observed f o r  suc t ion  (Fig. 6: F = 

-0,002).  I n  the  presence of s t rong  blowing, even a moderate 

acce le ra t ion  ( K  = 0.77 x 10 ) causes a dramatic upward sh i f t  

from the  uniform v e l o c i t y  values f o r  the same blowing. Moderate 

suct ion,  F = -0.002, increases  the  spread between the  d a t a  f o r  

various K values and causes a general  downward sh i f t  r e l a t i v e  

t o  the  uniform v e l o c i t y  r e s u l t s .  

-6 

The combination of blowing and acce le ra t ion  can thus r e s u l t  

in  e i t h e r  an increase or a decrease i n  Stanton number (at  f ixed  

ReH)’ i n  s p i t e  of t he  f a c t  that  e i t h e r  condition, applied alone, 

r e s u l t s  i n  a decrease.  Stanton number i s  thus not  simply re -  

l a t e d  to ReH , K , and F even f o r  t he  r e s t r i c t e d  case s tudied 
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here of asymptotic boundary l aye r s .  It i s  no t  unreasonable t o  
suppose t h a t  h ighly  I I  overshot" or f l  undershot' ' l aye r s  w i l l  d i sp lay  

somewhat d i f f e r e n t  c h a r a c t e r i s t i c s ,  r a i s i n g  the  number of 

va r i ab le s  from 3 t o  5. Experimental s t u d i e s  of these  e f f e c t s  

a r e  planned f o r  t he  near  fu tu re ,  as wel l  as inves t iga t ions  i n t o  

the  behavior of t h e  boundary l aye r  under condi t ions of va r i ab le  

K , and i n  t h e  recovery region downstream of an acce lera t ion .  
-6 Veloci ty  p r o f i l e s  w i t h  K = 1 .45  x 10 and F = 0 a r e  

shown on Fig.  7 with s o l i d  symbols, while one p r o f i l e  i n  the  

non-accelerating region of this  run i s  shown with hollow symbols. 

This f i g u r e  shows some of the  important c h a r a c t e r i s t i c s  of ac- 

ce le ra ted  turbulen t  boundary l aye r s ,  and asymptotic boundary 

l aye r s  i n  p a r t i c u l a r .  Note t ha t  t he  th ree  p r o f i l e s  i n  the  ac- 

ce l e ra t ed  region a r e  c lose  t o  similar i n  both the inner  and 

outer  regions,  and t h e  boundary l a y e r  i s  not s i g n i f i c a n t l y  

growing a t  successive s t a t i o n s  along the sur face ,  The usual  

r i s e  i n  u i n  t h e  wake" region has disappeared, and t h e  

viscous inner  region has s i g n i f i c a n t l y  grown s o  that  u+ l i e s  

above the non-accelerated curve i n  the middle region. 

+ I 1  

On the basis of examination of these  v e l o c i t y  p r o f i l e s ,  

as wel l  as o ther  asymptotic p r o f i l e s  a t  d i f f e r e n t  values of 

K , it i s  concluded tha t  increas ing  K causes an increase i n  

the  thickness  of the  viscous region and a decrease i n  the  values 

of u+ and y+ a t  t h e  outer  edge of t he  boundary l aye r .  Such 

a trend with increas ing  K must u l t imate ly  lead t o  a d i s -  

appearance of the  turbulen t  region e n t i r e l y ,  i . e . ,  a laminar 

boundary l a y e r .  
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A succession of temperature p r o f i l e s  taken under t h e  same 

Two trends a r e  apparent.  flow condi t ions a r e  shown on Fig ,  8. 

I n  the  inner  region the  curves i n  t h e  acce lera ted  region come 

together ,  bu t  w i t h  a g r e a t e r  slope than i n  the non-accelerated 

region, ev ident ly  a d i r e c t  r e s u l t  of the  thickening of t he  

viscous region near  the  w a l l .  I n  the outer  region t h e  important 

observation i s  that t h e  thermal boundary l a y e r  continues to grow 

a t  successive s t a t i o n s  along the  surface,  un l ike  the  momentum 

boundary l aye r ,  and i s  seen to penet ra te  i n t o  a region where 

t h e  v e l o c i t y  grad ien t  i s  small, or zero.  Stanton number v a r i e s  

inverse ly  as the  maximum value of 

decrease i n  Stanton number i n  Fig.  3 i s  seen a l s o  i n  Fig.  8. 

t+ , and thus the  observed 

I n  summary, it appears that  the  depression i n  Stanton 

number observed i n  acce le ra t ing  flows r e s u l t s  from a combination 

of an increase  in  the  viscous region thickness ,  and the growth 

of the thermal boundary l a y e r  beyond the  momentum boundary l aye r .  

Pred ic t ion  Method 

The hea t  t r a n s f e r  da ta  presented here  a re  only o f  l imi ted  

value unless  they can be used as t h e  basis of some kind of pre- 

d i c t i o n  method that can be employed i n  design. However, any 

attempt a t  s a t i s f a c t o r y  ove ra l l  empir ical  c o r r e l a t i o n  of t he  

da t a  shown on Figs .  3 to 6 would appear to be a v i r t u a l l y  hope- 

l e s s  t a s k  because of t he  g r e a t  v a r i e t y  of poss ib le  conditions 

and r e s u l t i n g  behavior.  For constant  f ree-s t ream ve loc i ty ,  t he  

data of Moffat and Kays (6), and subsequent work on t h e  same 

p r o j e c t  no t  y e t  published, show t h a t  Stanton number can be 
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expressed as a simple function of 

and 9s only weakly dependent upon any other parameters. Thus a 

reasonably satisfactory prediction scheme can be developed using 

the integral energy equation. The data for acceleration, but no 

blowing (i.e., Fig. 3) J show a certain orderliness, but even a 

superficial examination of these results suggests that Stanton 

number is a function of at least 

ReH (or ReM) where acceleration starts, and these data only 

represent the behavior under essentially constant K conditions. 

When blowing or suction are superimposed, the number of variables 

even for uniform F and K is obviously out of hand, and be- 

havior such as seen in Fig. 5 discourages any attempt at simple 
correlation. 

ReH , and a blowing parameter, 

ReF. , K , and the value of 

The obvious next step is to attempt to correlate the experi- 

mental data at a more fundamental level by devising empirical 

correlations which can be used in mathematical models of the 

momentum and energy exchange processes. Not only can perhaps 

the desired generality be obtained, but a better understanding 

of the physics as well. 

The scheme to be described here is based O i l  a finite- 

difference solution of the momentum and thermal energy dif- 

ferential equations of the boundary layer, using the Spalding,' 

Patankar (10) program as the basic mathematical t o o l .  Any de- 

sired physical model of the momentum and energy exchange pro- 

cesses can be inserted into the program, subject only to the 

restriction that the equations are in parabolic form, so that 

one must be willing to use the concept of eddy viscosity and 
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eddy conductivity. However, one is free to evaluate these 

quantities in any way desired, and the possibilities range from 

direct empirical correla,tions, to deductions based on solution 

of the turbulence energy equation, which can be solved simulta- 

neously by the same program, if desired. 

For present purposes a direct empirical mixing-length cor- 

relation is used, based on a modification of the Van Driest 

mixing-length hypothesis. The equations used are as follows: 

2 du 
IJ-t = P J  

1 = kyDv for y<(AF/k) 

1 = A6DV for y>(AG/k) 

effective viscosity 

turbulent viscosity 

mixing-length 

where 6 is the 99% momentum boundary layer 
th ic kne s s 

k = 0.44 mixing-length constant 

A = 0.25 ReM -1'8 [ 1 - 67.5 (vdu,) ] turbulence length scale 

if A < 0.085 , A 0.085 

D~ = 1 - e x p ( - y p g w  /A+IJ-) 

Van Driest damping factor 
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A+ = 4 . 4 2 / ( ~ +  + 0.17) - 1133P+ + f ( P  + +  ,vW) 
W 

0.25 '010 
) f o r  v; > 0.0 + +  where f (P  ,vw) = -1990 (-p+ vi 

+ f(P+,v,f) = 6.78(-P + j0*7  (-vw) + ' e 4  f o r  vw < 0.0 

empir ical  c o r r e l a t i o n  of t he  e f f e c t s  of 

t r a n s p i r a t i o n  and acce le ra t ion  

Teff = ;v + Y t  e f f e c t i v e  conduct ivi ty  

= IJ. c /P r t  tu rbulen t  conduct ivi ty  Y t  t P  

Prt = ( l /P r )  [ 1 - 0.1(26/A+) 0 - 4 ~ ~ 1  (1 + 2op+) 

i f  Pr t  < 0.86 , Prt  = 0.86 

tu rbu len t  Prandt l  number 

Although the  quant i ty  of empir ical  input  appears formidable, 

it should be pointed out t h a t  c o r r e l a t i n g  h with ReM and 

vw/um 

numbers only. A constant  value,  h = 0.085 , w i l l  a l s o  y i e l d  

has only a minor inf luence,  and t h a t i s  atlow Reynolds 

r e s u l t s  c l o s e  to those to be shown. S imi la r ly ,  constant  tu rbulen t  

P r a n d t l  m b e r ,  

agreement with those t o  be shown. The r a t h e r  complex expression 

used i s  based on d i r e c t  measurements of 

a v a r i a t i o n  through the  boundary l aye r  s t a r t i n g  high near  t he  

w a l l .  In the  p red ic t ion  scheme it was found t h a t  such a 

Pr t  = 0.90 , w i l l  y i e l d  Stanton numbers i n  c lose  

P r t  (11) which ind ica t e  
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v a r i a t i o n  i n  P r t  i s  needed t o  obta in  accurate  temperature 

p r o f i l e s .  Pr t  = 0.90 i s  simply an e f f e c t i v e  average. 

The core of t he  c o r r e l a t i o n  scheme i s  i n  the  expression 
+ f o r  A+ . Note t h a t  f o r  vw = 0 and K = 0 , A+ = 26 , a 

f r equen t ly  used value.  This c o r r e l a t i o n  i s  presented as only 

t e n t a t i v e  and i l l u s t r a t i v e  of what can be done. Essen t i a l ly  

A+ i s  r e l a t e d  to t he  thickness  of t he  viscous sublayer ( i n  

coord ina tes ) ,  and the  c o r r e l a t i o n  r e f l e c t s  t h e  thickening of 

t h i s  region i n  a favorable  pressure gra'dient as observed i n  

Fig.  7.  It a l s o  includes a decrease i n  thickness  observed for 

blowing, as determined from the  data of Simpson, e t  a1 (7), and 

a cross-coupling e f f e c t .  

y+ 

One f u r t h e r  po in t  should be noted. I n  attempting to apply 
-6 t he  above model t o  an acce le ra t ion  with K = 2.5 x 10 , it 

was found that  although a s u b s t a n t i a l  decrease i n  St occurs, 

q u a n t i t a t i v e  agreement with the  data shown i n  Fig.  3 was not as 

good as f o r  lower values  of K , and the re  were a l s o  q u a l i t a t i v e  

d i f fe rences .  The only reasonable modif icat ion i n  the  model 

that y i e l d s  r e s u l t s  i n  good agreement with the  data of Fig.  3 

involves f o r c i n g  the  eddy v i s c o s i t y ,  and thus eddy conduct ivi ty ,  

t o  zero i n  the  outer  p a r t  of t he  boundary l aye r .  Since the  shear 

s t r e s s ,  z , i s  very low i n  the  outer  h a l f  of a highly acce lera ted  

boundary l a y e r  t he  damping funct ion,  

s i r e d  c h a r a c t e r i s t i c ,  but the  damping i s  ev ident ly  not g r e a t  

enough; t he  d i f f e rence  between low turbulence and zero turbulence 

i n  the  outer  half  of  t he  boundary l a y e r  has a neg l ig ib l e  inf luence 

on the  momentum equation, and the r e s u l t i n g  v e l o c i t y  p r o f i l e ,  but 

Dv , already has the  de- 
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-6 a decisive influence on the energy equation. For K > 1.5 x 10 
this damping is accomplished in the program by artificially re- 

ducing ?; to zero in the equation for Dv at an appropriate 

point. It is emphasized, however, that this artifice is used 

for only one of the nine runs to be shown, and further investi- 

gation of this region of high K , where complete laminarization 
is certainly near, is definitely needed. 

Some sample results of predictions based on the above 

described model are shown in Figs. 9, ‘10, and 11. The imposed 

boundary conditions correspond closely in each case to the test 

results in Figs. 3 to 6. 

With the exception of the region just following the start 

of acceleration, the agreement with the experiments is, in every 

case,quite good. The difficulty at the beginning of acceleration 

is an understandable and easily correctable one. The correlation 

for A+ is based on velocity profiles for equilibrium boundary 

layers, i.e., the asymptotic cases such 8,s shown in Fig. 7. The 

viscous sublayer of the real boundary layer does not instantaneously 

assume its new equilibrium configuration when a new pressure gradi- 

ent is imposed; there is obviously a lag, and Cetailed examination 

of the experimental data shows this lag very clearly. Launder 

and Jones (12) propose a reasonable and simple scheme for intro- 

duc5ng such a lag into the calculation, and the authors intend to 

investigate this scheme shortly. 

The most spectacular success of the prediction method, set- 

ting aside the problem just discussed, is shown on Fig. 11. Here 
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the unexpected increase in Stanton mmber with a mild acceleration, 

seen experimentally on Fig. 5, comes through very clearly. 

The main conclusion which can be drawn from the results of 

the analysis is that the primary effects of acceleration, transpi- 

ration, and a combination of both, can be introduced into the 

analysis merely through the constant in the Van Driest damping 

term, A+ . If A+ is evaluated properly, everything else fol- 

lows. The fact that Stanton nxnber sometimes increases and some- 

times decr,eases with acceleration is merely attributable to the 

response of the boundary layer equations to the imposed conditions. 

Summary and Conclusions 

In this paper experimental data on heat transfer to close 

to asymptotic accelerated turbulent boundary layers, with and 

without transpiration, have been presented. It is shown that 

acceleration causes a depression in Stanton number for the case 

of no transpiration, and for suction. For an accelerated boundary 

layer with blowing it is shown that acceleration can cause an 

increase in Stanton number under certain conditions. 

Examination of velocity and temperature profiles suggest 

that acceleration causes an increase in the thickness of the 

viscous sublayer. It has been shown earlier that blowing causes 

a decrease in sublayer thickness, while suction increases thickness. 

Acceleration can cause the momentum thickness Reynolds number to 

decrease, and an acceleration at a constant value of the parameter 

K will lead to a constant value of momentum thickness Reynolds 

number. The enthalpy thickness Reynolds will always increase, 
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however, (except f o r  s t rong  suc t ion ) ,  with the  r e s u l t  t h a t  pro- 

longed a c c e l e r a t i o n  w i l l  lead t o  pene t ra t ion  of t he  thermal boundary 

l a y e r  beyond the  momentum boundary l a y e r .  The decrease i n  Stanton 

number observed f o r  acce lera ted  boundary l a y e r s  i s  believed t o  

r e s u l t  from a combination of t he  e f f e c t s  of a th i cke r  sublayer  

and a thermal boundary l a y e r  pene t r a t ing  beyond the  momentum 

boundary l a y e r .  

F ina l ly ,  a mathematical model based on t h e  Van Dr ie s t  

mixing-length hypothesis,  and incorporat ing the  observed e f f e c t s  

of acce le ra t ion  and t r a n s p i r a t i o n  on the  sublayer thickness ,  i s  

shown t o  be capable of qu i t e  s a t i s f a c t o r i l y  reproducing the  

experimental data for acce le ra t ions  up t o  K = 2.5 x 10 , and 

a wide range of blowing or suc t ion .  Means for improving the  

model a r e  discussed.  

-6 
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